Chapter 2: Problem Solutions

Discrete Time Processing of Continuous Time Signals

Sampling

m Problem 2.1.

Problem:
Consider a sinusoidal signal

X (t) =3cos (1000t +0.1 )
and let us sample it at a frequency Fs = 2 kHz.

a) Determine and expression for the sampled sequence x[n] = X (nTg) and determine its Discrete
Time Fourier Transform X (w) = DTFT {X[Nn]};

b) Determine X (F) = FT {x (t) };

c) Recompute X (w) fromthe X (F) and verify that you obtain the same expression as in a).

Solution:
a)X[N] =X (t) |¢nt, =3 cos (0.5 + 0.1 7). Equivalently, using complex exponentials,
Xx[N] =1.5ei0-17l0.5mM | _5g30.17 g-J0.5/m
Therefore its DTFT becomes
X (w) =DTFT {x[n]} =3nel®-176 (w- F) +37eI°-176 (w+ )
with -7t < w < 7

b) Since FT {ed2Fot} = 5 (F - Fg) then
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X (F) =1.5el%-175 (F-500) + 1.5e4%-17 5 (F + 500)
for all F.
¢) Recallthat X (w) = DTFT {xX[n]} and X (F) = FT {x (t)} are related as

X (@) =Fs 5 X (F-KFs) [Fur,2n

with Fs the sampling frequency. In this case there is no aliasing, since all frequencies are contained
within Fs / 2 = 1 kHz. Therefore, in the interval -7t < w < +7t we can write
X (w) =Fs X (F) |Feuwrs/2n

with Fs = 2000 Hz. Substitute for X (F) from part b) to obtain

X (w) =2000 (1.5el%-175 (2000 42 - 500) +1.5e19-175 (2000 % + 500) )
Now recall the property of the "delta"” function: for any constant a + O,

5 (at) = % 5 (L)
Therefore we can write
X (w) =37el0-1765 (w-3) +3med0-175 (w+ %)

same as in b).

m Problem 2.2.

Problem

Repeat Problem 1 when the continuous time signal is

X (t) = 3 cos (3000 nt)

Solution
Following the same steps:

a)X[n] = 3 cos (1.5 ). Notice that now we have aliasing, since

Fo = 1500 Hz > % = 1000 Hz. Therefore, as shown in the figure below, there is an aliasing at
Fs - Fo = 2000 - 1500 Hz = 500 Hz. Therefore after sampling we have the same signal as in
Problem 1.1, and everything follows.
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m Problem 2.3.

Problem

Foreach X (F) = FT {x (t) } shown, determine X (w) = DTFT {x[n]}, where
X[Nn] =X (NTg) isthe sampled sequence. The Sampling frequency Fs is given for each case.

a)X (F) = 6 (F-1000), Fs = 3000 Hz:
b) X (F) =& (F-500) + & (F+500), Fs = 1200 Hz
c)X (F) =3rect (f55), Fs=2000Hz;
d) X (F) =3 rect (f55), Fs = 1000 Hz;

e) X (F) = rect (£358%) + rect (£35%), Fs = 3000 Hz;

Solution

For all these problems use the relation

X (w) = Fs Zx (wFs /27 - kFg)
Kk=-c

a) X (w) zsoook:z:é (w 3299 _ 1000 - k3000) :2nk§o 5 (w- &~ -

=—00

k2m);
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b) X (w) = 1200 kE 5 (w1290 _ 500 - k1200) + 6 (w 229 + 500 - k1200)

_ 27 % 5 (w-wo-K2m) +6 (w+wo - K2)

=—00

wo =27 x500 /1200 = 7/1.2;

c) X (w) = 2000x3 kizm rect (£2000/2n _ | 2000y _ 50QQ z rect (=21 shown

1000 1000 o
below.
A X (C())
i I — i i >
_2r /1 Tﬂ /S 27 0,
2
d) X (w) =1000x3 kiz: rect (£199%2r _ k 1963 ) = 3000 z rect (“32%) shown below
A X (a))
i i -
— 2 /1 T 2 Q

_ 3 »3000/2 7-3000 3000 £3000/2 77+3000 3000
e) X (w) = 3000 ; rect ( 3560 - Kk $505) + rect ( 1560 -k 3500 )

= 3000 ; rect (3¢ -3-3k) +rect (32 +3-3Kk)

—00

= 6000 5 rect (4K );/2§>

=—00

shown below.
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-2 -5 F
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m Problem 2.4.

Problem
In the system shown, let the sequence be
y[n] =2cos (0.3, +71/4)

and the sampling frequency be Fs = 4 kHz. Also let the low pass filter be ideal, with bandwidth
Fs/2.

s(t)

y[n] — zon —| LpF —» Y(1)

!

a) Determine an expression for S (F) = FT {s (t) }. Also sketch the frequency spectrum
(magnitude only) within the frequency range -Fs < F < Fsg;

F

S

b) Determine the output signal y (t).

Solution.

From what we have seen, recall that

S (F) =ed™/F L sinc (£) Y (0) |u-2F/r
FromY (w) =2 r kizoj el/4 5 (w-0.371-k2m) +ed74 5 (w+0.37-k2m) we obtain

Y (w) |w-2rF/Fs =
2 1 k+z°° el4s (21 F -0.31-k2n) +e V46 (20 £ + 0.3~ k2n)

=—-00

+0o

f= 3 el4 s (F-600 - k4000) +
T K=-

e 445 (21 £ +600 - k4000)

:27(X

and then

S (F) = Fs 3 Ts e (600:k4000)/4000 sinc (8004000 ) ei/4 5 (F - 600 - k4000) +

=—00

Ts e—jﬂ (-600+k4000) /4000 sinc ( —6026561000 ) efjn/4 5 (2 T FLS + 600 - k4000)

where we used the fact that the ZOH has frequency response Ts e 3 F/Fs sinc (F/Fs) .
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This can be simplified to

+0o

S(F)= = (-1)¥ed & sinc (5 +k) el* 5 (F-600 - k4000) +

(-1)ked % sinc (53 + k) ed7/4 5 (F + 600 - k4000)

In the interval -Fs = -4000 < F < Fs = 4000 we have only terms corresponding to

k =-1, 0, 1. Thereader can verify that all other frequencies are outside this interval. Therefore, for
-4000 < F < +4000 we have

S (F) =0.17e42-827 5 (F - 3400) + 0.9634 e10-17 5 (F - 600) +
+0.9634el0-175 (F+600) +0.17 eJ2-827 5 (F + 3400)

shown below.

1S(F)|

A 4 : S S

~56 -34 0.6 34 56F (kHz)

b) Since the Low Pass Filter stops all the frequencies above Fs / 2 the output signal y (t) has only
the frequencies at F = + 600 Hz, and therefore

y (t) = IFT {0.9634el0-17 s (F + 600) + 0.9634e10-17 5 (F-600) } =
=2 x 0.9634 cos (1200 7t - 0.1 )

m Problem 2.5.

Problem

We want to digitize and store a signal on a CD, and then reconstruct it at a later time. Let the signal
X (t) be

X (t) =2 cos (500 t) - 3sin (1000 nt) + cos (1500 nt)
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x[n] _. X[n]

X(t)
—— = —* ZOH —*| LPF |—

and let the sampling frequency be Fs = 2000 Hz.

a) Determine the continuous time signal y (t) after the reconstruction.

b) Notice that y (t) is not exactly equal X (t).How could we reconstruct the signal x (t) exactly
from its samples x[n] ?

Solution

a) Recall the formula, in absence of aliasing,
Y (F) = eV F/Fssinc (£) X (F)

with Fs = 2000 Hz being the sampling frequency. In this case there is no aliasing, since the maxi-
mum frequency is 750 Hz smaller than Fs / 2 = 1000 Hz. Therefore, each sinusoid at frequency F
has magnitude and phase scaled by the above expression. Define
—_ -]TF = JT
6 (F) - 2SI (7000
2000

which yields

G[250] = 0.9745e10-392  G[500] = 0.9003e10-785  G[750] = 0.784 ¢ J1-178
Finally, apply to each sinusoid to obtain.

y (t) =2x0.9745xcos (500 7t - 0.392) - 3x0.9003 xsin (1000 7t - 0.785) +
+0.784 cos (1500 mt -1.178)

b) In order to compensate for the distortion we can design a filter with frequency response 1 / G (F) ,
when =5= < F < Fs _The magnitude would be as follows
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m Problem 2.6.

Problem

In the system shown below, determine the output signal y (t) for each of the following input signals
X (t) . Assume the sampling frequency Fs = 5 kHz and the Low Pass Filter (LPF) to be ideal with
bandwidth Fs / 2:

x(t) x[n]

zon —| Lpr |—» Y(1)

a) X (t) = ei20007t.
b) X (t) = cos (2000 7t + 0.15 ) ;

c)X (t) = 2cos (5000 rt) ;

d)x (t) = 2sin (5000 rt) ;

e) X (t) = cos (2000 nt + 0.1 ) - cos (5500 rt).

Solution

Recall the frequency response, in case of no aliasing, is

nF

G(F) = e m iin( S0y

with -2500 < F < 2500. Then:

a) G (1000) = 0.935e49-628 gndtheny (t) = 0.935 el (20007t-0.628)

b) Using the same number for 1000Hz we obtain
y (t) =0.935xcos (2000 rt +0.15t1 - 0.628)

c) G (2500) = 0.637 e J1-5708 thereforey (t) = 2x0.637 cos (5000 nt - 1.5708)
d)same:y (t) =2x0.637 sin (5000 7t - 1.5708)
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e) the term cos (2 51 2750 t) has aliasing, since it has a frequency above 2500 Hz. From the
figure, the aliased frequency is

X (F)

‘\

X(F+F.) —2.75 /‘ - F(kH2)
2.75

X(F-F.)

—2.75+5=2.25

Faliased = 5-00 - 2.75 = 2.25 kHz. Therefore it is as if the input signal were
X (t) = cos (2000 7t + 0.1 ) - cos (4500 rt) . This yields G (1000) = 0935 e 10628
and G (2250) = 0.699 e 10-393 and finally

y (t) = 0.935 cos (2000 st + 0.1 - 0.628) - 0.699 cos (4500 rt - 1.41372)

m Problem 2.7.

Problem

Suppose in the DAC we want to use a linear interpolation between samples, as shown in the figure
below. We can call this reconstructor a First Order Hold, since the equation of a line is a polynomial
of degree one.

yin] y(t) y(®

yin] —{ FoH >

Te Ik |

a) Showthaty (t) = = X[n] g (t-nTg),withg (t) atriangular pulse as shown below;
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ORI

-T T

S S

~—~+ v

b) Determine an expression for Y (F) = FT {y (t) } intermsof Y (w) = DTFT {y[n]} and
G (F) =FT {g (1) };

c) In the figure below, lety [n] = 2 cos (0.8 nin) , the sampling frequency Fs = 10 kHz and the
filter be ideal with bandwidth Fs / 2. Determine the output signal y (t) .

y[n]

— Fon —| Lpr |—> Y(1)

Solution

a) From the interpolationy (t) = nizm X[n] g (t-nTg) and the definition of the interpolating

function g (t) we can see thaty (t) isa sequence of straight lines. In particular if we look at any
interval NTs < t < (n+ 1) Tg itis easy to see that only two terms in the summation are nonzero, as

y (t) =X[n] g (E-nTs) +X[Nn+1]g (t-(n+1) Tg), for nNnTs <t < (n+1) Tg

This is shown in the figure below. Since g (+Ts) = O we can see that the line has to go through the
two points x[n] and X [n + 17, and it yields the desired linear interpolation.
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y(t)

Anlg(t=nT.) \ x[n+1]g(t - (n+1T.)

v

nT, (n+1)T, t
Interpolation by First Order Hold (FOH)

b) Taking the Fourier Transform we obtain

+0o

Y (F) =FT{y (t)} = = X[n] G (F) ed2FnTs

=G (F) X (0) [w-2rF/F
where G (F) = FT {g (t) }. Using the Fourier Transform tables, or the fact that (easy to verify)
g (t) = + rect () »rect ()

we determine G (F) = Ts (sinc (FLS) )2, since FT {rect (=)} =Tssinc (FLS).
m Problem 2.8.

Problem

In the system below, let the sampling frequency be Fs = 10 kHz and the digital filter have difference
equation

yin] =0.25 (X[n] +X[Nn-1] +X[n-2] +X[n-3])

Both analog filters (Antialiasing and Reconstruction) are ideal Low Pass Filters (LPF) with bandwidth
Fs/ 2.

ADC DAC
X(t) x[n] yIn] ¥
—>| LPF > > H(z) > ZOH |—> LPF ——
A A A
anti-aliasing T, T T, reconstruction
filter filter
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a) Sketch the frequency response H (w) of the digital filter (magnitude only);

b) Sketch the overall frequency response Y (F) / X (F) of the filter, in the analog domain (again
magnitude only);

c) Let the input signal be
X (t) =3cos (6000 t+0.17) -2cos (12000 t)

Determine the output signal y (t) .

Solution.

a) The transfer function of the filterisH (z) = 0.25 (1+z*+2z2+23) =0.25 227 where
we applied the geometric sum. Therefore the frequency response is

H (w) =H (zZ) |,.¢iv =0.25 lelt _ 6 oge-Jl.50 Sin(2w)

l-eJv sin (%)

whose magnitude is shown below.

b) Recall that the overall frequency response is given by

-j : F
e = (H (W) lu=2r/r) €V F/Fesine (£)

4000 -2000 2000 4000
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c) The input signal has two frequencies: F1 = 3kHz < Fs /2, andF; = 6 kHz > Fg5 / 2, with
Fs = 10 kHz the sampling frequency. Therefore the antialising filter is going to stop the second
frequency, and the overall output is going to be

y (t) =3x0.156 cos (6000 1t+0.17+0.1m-m)
=0.467745 cos (6000  t + 0.62832)

since,at F = 3kHz,Y (F) /X (F) =0.156el0-17,

Quantization Errors

m Problem 2.9

Problem

In the system below, let the signal X [n] be affected by some random error e [n] as shown. The
error is white, zero mean, with variance % = 1.0. Determine the variance of the error € [n] after the
filter for each of the following filtersH (z) :

e[n]

e[n]
—>

x[n] —»
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a)H (z) anideal Low Pass Filter with bandwidth v / 4;
b)H (2) = 355

z-0.5

cy[n] = % (s[n] +s[Nn-1] +s[n-2] +s[n-3]),withs[n] =x[n] +e[n];

dH (w) =e 1l for-m<w< +m.

Solution.

Recall the two relationships in the frequency and time domain:

oﬁ:(z—lﬂf H (w) |2dw| o2
= (2 | hin |2) o2
7T /4
a)c;g:[z—lnj Hio) [2do| - A T[] g- g ek
e v

b) the impulse response in this case ish[n] = 0.5" u[n] therefore

o? <§: | h[n] |2) o2 = (%OO-SZ'“) O3 = 14> 08 = 4 OB

c) in this case e [n] % (e[n] +e[n-1] +e[n-2] +e[n-3]) . Therefore the impulse
response is

hin] = % (6[n] +6[n-1] +5[n-2] +5[n-3])

and therefore

Og _ 1 1

3
1
= (EOZZ)Gg:AfXEUg:ng

e "l dw| 02 = 0.3045 52

o
j —
é%o
|
—_—
N
:‘“
|
N |

m Problem 2.10.

Problem

A continuous time signal X (t) has a bandwidth Fg = 10 kHz and it is sampled at Fs = 22 kHz,
using 8bits/sample. The signal is properly scaled so that | x[n] | < 128 for all n.

a) Determine your best estimate of the variance of the quantization error o3;

b) We want to increase the sampling rate by 16 times. How many bits per samples you would use in
order to maintain the same level of quantization error?
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Solution

a) Since the signal is such that -128 < x[n] < 128 it has a range Vyax = 256. If we digitize it with
Q1 = 8 bits. we have 28 = 256 levels of quantization. Therefore each level has a range

A = Vyax / 2% = 256 / 256 = 1. Therefore the variance of the noise is 62 = 1 / 12 if we assume
uniform distribution.

b) If we increase the sampling rate as Fs» = 16 x Fs1, the number of bits required for the same
quantization error becomes

Q2=Q+ % log, £L =8+ 3 (-4) =6 bits/sample



